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Abstract
An arctan-electrodynamics coupled with the gravitational field is
investigated. We obtain the regular black hole solution that at r →∞
gives corrections to the Reissner-Nordstro¨m solution. The corrections
to Coulomb’s law at r → ∞ are found. We evaluate the mass of the
black hole that is a function of the dimensional parameter β introduced
in the model. The magnetically charged black hole was investigated
and we have obtained the magnetic mass of the black hole and the
metric function at r →∞. The regular black hole solution is obtained
at r → 0 with the de Sitter core. We show that there is no singularity
of the Ricci scalar for electrically and magnetically charged black holes.
Restrictions on the electric and magnetic fields are found that follow
from the requirement of the absence of superluminal sound speed and
the requirement of a classical stability.
1 Introduction
The self-interaction of photons, due to quantum corrections [1], [2], leads
to the modification of Maxwell’s electrodynamics which becomes nonlinear
electrodynamics (NLED). Thus, in the case of strong electromagnetic fields
Maxwell’s electrodynamics has to be modified [3]. For weak electromag-
netic fields NLED is converted into classical electrodynamics which can be
considered as an approximation. Well-known Born-Infeld electrodynamics
(BIE) [4] is an example of NLED that can solve the problem of singularity
and infinite electromagnetic energy of charged point-like particles. In some
models of NLED [5], [6], [7] also problems of singularities and infinite elec-
tromagnetic energy are absent. It should be mentioned that NLED coupled
to gravitational fields may result in the universe acceleration [8]-[14]. At
the same time, electromagnetic fields within BIE can not drive the universe
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to accelerate [11]. In addition, BIE possesses the problem of causality [15].
Therefore, the study of different models of NLED coupled to gravity is of
definite interest. In this paper we find the solution for electrically and mag-
netically charged black holes within arctan-electrodynamics, that is NLED,
proposed in [14]. It was demonstrated in [16] that there is a regular exact
black hole solution in General Relativity (GR) coupled with NLED. Authors
used a Legendre transformation [17] to explore so called P frame but not
the Lagrangian formalism. Some black hole solutions, which approach to the
Reissner-Nordstro¨m (RN) solution at r →∞, within some models of NLED
coupled to gravitational fields were found in [18] - [24]. It was demonstrated
in [25] that any Lagrangian of NLED coupled to GR for regular electrically
charged solutions is branching.
The structure of the paper is as follows. In section 2 we study energy
conditions in the model under consideration. Arctan-electrodynamics cou-
pled to gravity is investigated in section 3. We obtain a solution for the
electric field and corrections to the Coulomb law in subsection 3.1. The
electric-magnetic duality between P and F frames is studied in subsection
3.2. In section 4 we obtain the regular black hole solution, in the framework
of electrically charged black hole, which asymptotically approaches to RN
solution. It was shown that there is no singularity of the Ricci scalar. The
mass of the black hole is evaluated and asymptotic metric function is found.
Magnetically charged black hole is investigated in section 5. The regular
black hole solution with the de Sitter core is found at r → 0. We obtain the
magnetic mass of the black hole and metric function at r →∞ and r → 0. It
was shown that there is no singularity of the Ricci curvature at r →∞ and
r → 0. In Sec. 6 we study restrictions that follow from the requirement that
the sound speed should be less that the light speed and a classical stability
has to take place. Section 7 is devoted to the results obtained.
We use the units c = h¯ = 1 and the metric signature η = diag(−1, 1, 1, 1).
2 The model of nonlinear electrodynamics
We investigate arctan-electrodynamics proposed in [14] with the Lagrangian
density
L = − 1
β
arctan(βF), (1)
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where the parameter β has the dimension of the (length)4, F = (1/4)FµνF µν =
(1/2)(B2−E2) and Fµν is the strength tensor of electromagnetic fields. The
symmetric energy-momentum tensor is given by [14]
T µν = − F
µλF νλ
1 + (βF)2 − g
µνL, (2)
possessing the trace
T ≡ T µµ =
4
β
arctan(βF)− 4F
1 + (βF)2 . (3)
In the case of Maxwell’s electrodynamics β → 0 and the energy-momentum
tensor becomes traceless. The dual invariance and scale invariance are bro-
ken due to the presence of the dimensional parameter β [14]. To guarantee
that the energy density is nonnegative for any local observer, one needs to
investigate the weak energy condition (WEC) [26]
ρ ≥ 0, ρ+ pm ≥ 0 (m = 1, 2, 3), (4)
where the ρ is the energy density and pm are principal pressures. One finds
from Eq. (2) the energy density
ρ = T 0
0
=
E2
1 + (βF)2 +
1
β
arctan(βF). (5)
For the case of pure electric field, B = 0, the energy density is
ρE =
E2
1 + β2E4/4
− 1
β
arctan(βE2/2). (6)
The plot of the function βρE vs βE
2 is given in Fig. 1. We will show later that
the maximum of the electric field is Emax = (4/3)
1/4/
√
β ≃ 1.075/√β, and
one can verify that the energy density is positive for the range 0 ≤ E ≤ Emax.
For the case of pure magnetic field, E = 0, the energy density becomes
ρM =
1
β
arctan(βB2/2), (7)
and it is positive. The principal pressures are given by
pm = −T mm =
B2 −BmBm −EmEm
1 + (βF)2 −
1
β
arctan(βF) (m = 1, 2, 3). (8)
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Figure 1: The function βρE vs βE
2.
From Eqs. (5) and (8), one obtains
ρ+ pm =
B2 − BmBm + E2 −EmEm
1 + (βF)2 ≥ 0. (9)
Thus, WEC is satisfied. The strong energy condition (SEC) [26] requires
relations that hold as follows:
ρ+
3∑
m=1
pm ≥ 0. (10)
We obtain from Eqs. (5) and (8)
ρ+
3∑
m=1
pm =
2B2
1 + (βF)2 −
2
β
arctan(βF). (11)
It is obvious that for a pure electric field, B = 0, Eq. (10) is satisfied. For the
case of pure magnetic field, SEC is satisfied for B < 1.66838/
√
β as follows
from Fig. 2. SEC can be represented as
ρ+ 3p ≥ 0, (12)
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Figure 2: The function β(ρM +
∑
pm) vs
√
βB.
where the pressure is
p = L+ E
2 − 2B2
3
LF = − 1
β
arctan(βF) + 2B
2 − E2
3[1 + (βF)2] =
1
3
3∑
m=1
pm, (13)
and LF = ∂L/∂F . Eq. (12), according to Friedmann’s equation, tells us that
universe decelerates. Thus, electrically charged universe undergoes the uni-
verse deceleration and SEC is satisfied. It should be noted that magnetically
charged universe at B > 1.66838/
√
β accelerates [14] and SEC is violated.
3 NLED coupled with GR and black holes
The action of our model of NLED coupled with GR is given by
S =
∫
d4x
√−g
[
1
2κ2
R + L
]
, (14)
where κ2 = 8piG ≡ M−2P l , G is the Newton constant, MP l is the reduced
Planck mass, and R is the Ricci scalar. By varying action (14), one finds the
Einstein and NLED equations
Rµν − 1
2
gµνR = −κ2Tµν , (15)
5
∂µ
( √−gF µν
1 + (βF)2
)
= 0. (16)
Let us obtain the static charged black hole solutions to Eqs. (15),(16). For
this purpose we explore the spherically symmetric line element in (3 + 1)-
dimensional spacetime,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dϑ2 + sin2 ϑdφ2). (17)
3.1 Electrically charged black hole
Now we consider the case B = 0 for which the vector-potential has non-zero
component A0(r). By virtue of the equality F = −[E(r)]2/2, one obtains
from (16) the equation as follows:
∂r
(
4r2E(r)
4 + β2[E(r)]4
)
= 0. (18)
Integrating Eq. (18), we find
4r2E(r) = Q
(
4 + β2[E(r)]4
)
, (19)
and Q being the integration constant. For a convenience we introduce the
dimensionless variables
y =
4r2
Q
√
β
, x =
√
βE(r). (20)
From Eqs. (19), (20), we obtain the equation
x4 − xy + 4 = 0. (21)
The plot of the function y(x) is given in Fig. 3. It follows from Fig. 3 that
there are two branches of the function E(r). The physical branch corresponds
to the electric field which decreases with the r and for the nonphysical branch
the E(r) increases with the r. The function y(x) possesses a minimum at x =
(4/3)1/4 that corresponds to E = [4/(3β2)]1/4) and rmin = (4/3)
3/8β1/4
√
Q.
As a result, Eq. (21) has the real solutions if r ≥ rmin. Therefore, there is no
singularity of the electric field E. Thus, the maximum electric field is given
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Figure 3: The function y(x) .
by Emax = [4/(3β
2)]1/4) ≃ 1.075/√β and the electric field decreases with r.
The real solution to Eq. (21) (for x ≤ (4/3)1/4, y > 0) is given by
x =
√
2√
3
cosh
(
ϕ
3
)
+
√√√√√√
y31/4
4
√
2 cosh
(
ϕ
3
) − 2√
3
cosh
(
ϕ
3
)
,
ϕ = ln

3
√
3y2
128
+
√
27y4
1282
− 1

 . (22)
Solution (22) at y →∞ leads to x→ 0. The asymptotic of the function x(y)
(22) at y →∞ is
x =
4
y
+
1024
27y11/3
+
4352
81y5
+
262144
243y19/3
+O(x−20/3). (23)
From Eqs. (20) and (23) we find the asymptotic value of the electric field at
r →∞
E(r) =
Q
r2
+ β
(
44/3β1/3Q11/3
27r22/3
+
17βQ5
32r10
+
48/3β5/3Q19/3
243r38/3
+O(r−40/3)
)
.
(24)
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It follows from Eq. (24) that the integration constant Q is the charge. The
first term in the right side of Eq. (24) is Coulomb’s law and next terms give
the corrections to Coulomb’s law at r → ∞. At β = 0 the Coulomb law
E = Q/r2 is recovered.
The causality principle says that the group velocity of elementary exci-
tations over a background should be less than light speed [27]. This gives
the restriction LF < 0 that is satisfied for any electric and magnetic fields as
LF = −1/[1+(βF)2]. The unitarity principle requires LF +2FLFF ≤ 0 [27]
and guarantees the positive definiteness of the norm of elementary excitations
of the vacuum. We find from Eq. (1)
LF + 2FLFF = 3(βF)
2 − 1
[1 + (βF)2]2 . (25)
For pure electric field (B = 0) the unitarity principle gives E ≤ Emax =√
2/(31/4
√
β), that is satisfied. It follows from Eq. (25) that for pure mag-
netic field (E = 0) the unitarity principle requires that B ≤ √2/(31/4√β) ≃
1.075/
√
β.
For a system with the spherical symmetry the equation ρ = T 0
0
= T rr =
−pr holds so that ρ+ pr = 0. The tangential pressure is p⊥ = −T ϑϑ = −T φφ
[28] and p⊥ = −ρ − rρ′/2 (ρ′ = dρ/dr) [19]. For the case B = 0, E 6= 0 we
obtain from Eq. (6)
ρ′E(r) =
4EE ′(4− 3β2E4)
(4 + β2E4)2
.
As E ≤ Emax the sign of ρ′E(r) depends on the sign of E ′(r). It follows
from Fig. 3 that for the physical branch E ′(r) ≤ 0 and ρ′E(r) < 0, so that
p⊥ + ρE ≥ 0 and WEC is satisfied.
3.2 Electric-magnetic duality
In some models of NLED there is a duality between F framework and P
framework obtained by a Legendre transformation [17]. This means that any
spherically symmetric solution in the framework of the Lagrangian L(F) has
a counterpart in the P framework by the substitution F → P, L → H,
F01 → P23, F23 → P01 and conversely. Thus, the duality connects solutions
in different theories. The reason for the study of the P framework is to
investigate another theory with the Lagrangian density H and automatically
obtain the magnetic solution from the electric solution in the original theory
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with the Lagrangian density L. But this is possible only in the case if a
duality between F framework and P framework holds. So, one can make a
Legendre transformation [17] and comes to the P framework, i.e. to another
form of NLED. Let us introduce the tensor
Pµν =
1
2
FµνLF = − Fµν
2 [1 + (βF)2] . (26)
From Eq. (26) we obtain the invariant
P = PµνP
µν =
F
[1 + (βF)2]2 . (27)
One may introduce the Hamilton-like variable
H = 2FLF −L = 1
β
arctan(βF)− 2F
[1 + (βF)2] . (28)
We find from Eqs. (28) and (5) that H = ρE (at B = 0) is the energy density.
One can verify that he relations
LFHP = 1, PH2P = F , L = 2PHP −H (29)
hold with
HP = ∂H
∂P
= −
[
1 + (βF)2
]
. (30)
As follows from the plot of the function P (F), represented in Fig. 4, the
function F(P ) is not a monotonic function. As a result, according to the
criterium of Bronnikov [25], there is no a one to one correspondence between
two frames, F and P . In other words, the electric-magnetic duality between
F and P frames is broken. Thus, a regular electric solution in the P frame-
work corresponds to different Lagrangians in different spacetimes [25]. For
weak fields, βF ≪ 1, the model with the Lagrangian density (1) and the
model with the Hamiltonian-like quantity (28) are converted into Maxwell’s
theory, L = H = −F .
4 Asymptotic Reissner-Nordstro¨m black hole
solution
The expression for Ricci scalar follows from Eq. (15),
R = κ2T . (31)
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From Eqs. (3) and (31) at B = 0, we obtain the Ricci curvature
R = κ2
(
2E2
1 + β2E4/4
− 4
β
arctan
(
βE2/2
))
. (32)
According to Eq. (24) the electric field at r → ∞ goes to zero, E(r) → 0,
and therefore, the Ricci scalar also at r → ∞ approaches to zero, R → 0.
At infinity spacetime becomes Minkowski’s spacetime (flat). Using Eqs. (24)
and (32) at r →∞, we find the Ricci scalar asymptotic
R = −κ2β2
(
Q6
3r12
+
211/3β4/3Q26/3
27r52/3
+
2β2Q10
405r20
+O(r−68/3)
)
. (33)
It should be mentioned that there is no singularity of the Ricci scalar (32)
due to the existence of the minimal length rmin = (4/3)
3/8β1/4
√
Q at which
the maximum of the electric field is Emax = [4/(3β
2)]1/4. The metric function
f(r) and the mass function M(r) are defined as
f(r) = 1− 2GM(r)
r
, M(r) =
∫ r
rmin
ρE(r)r
2dr = m−
∫
∞
r
ρE(r)r
2dr. (34)
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The mass of the black hole ism =
∫
∞
rmin
ρE(r)r
2dr, where rmin = (4/3)
3/8β1/4
√
Q.
With the help of Eqs. (6) and (20) we obtain the mass function
M(r) =
Q3/2
16β1/4
∫ x
xmax

 4(3x4 − 4)√
x(x4 + 4)
− (3x
4 − 4)√x4 + 4
x5/2
arctan
(
x2
2
)
 dx,
(35)
where xmax = (4/3)
1/4. From Eq. (35) one finds the mass of the black hole
m =M(r =∞) ≃ 0.451Q
3/2
β1/4
. (36)
The black hole mass possesses the electromagnetic origin. From Eqs. (23)
and (35) one can find the asymptotic of the mass function at r →∞
M(r) = m− Q
2
2r
− 4
4/3β4/3Q14/3
171r19/3
+O(r−9). (37)
We obtain from Eqs. (34) and(37) the metric function
f(r) = 1− 2Gm
r
+
GQ2
r2
+
211/3β4/3GQ14/3
171r22/3
+O(r−10). (38)
At β = 0 one comes to Maxwell’s electrodynamics and solution (38) becomes
the RN solution. At r → ∞ the spacetime is asymptotically flat. The last
terms in Eq. (38) give corrections to RN solution. Different models of NLED
[18], [20], [23] give asymptotic of black hole solution with some corrections.
As a result, corrections to the RN solution influence on the event horizon.
Thus, the equation f(r) = 0 for different parameters of the model can have
one root corresponding to the extremal black hole or two roots for the event
and Cauchy horizons or there can be no roots corresponding to the naked
singularity. The equation f(r) = 0 for our case is complicated to obtain roots
analytically.
5 Magnetically charged black hole
In this case, there is only one nonzero component of the field strength tensor
in spherical system, F23 = −F32 = q sinϑ [25], where q is a magnetic charge
11
and the invariant is F = (1/4)FµνF µν = q2/(2r4). Then the energy density
found from (7) becomes
ρM = −L = 1
β
arctan(βF) = 1
β
arctan
(
βq2
2r4
)
. (39)
By virtue of Eq. (39) we obtain the mass of the black hole
m =
∫
∞
0
ρMr
2dr =
piq3/2 csc(pi/8)
6 · 23/4β1/4 ≃
0.81355q3/2
β1/4
. (40)
The mass function is given by
M(r) =
1
β
∫ r
0
r2 arctan
(
βq2
2r4
)
dr. (41)
The integral (41) is complicated, and therefore, we obtain its asymptotic.
From Eq. (41) we find the asymptotic of the mass function at r →∞
M(r) = m− q
2
2r
+
β2q6
216r9
+O(r−12). (42)
One obtains the metric function from Eqs. (34) and (42)
f(r) = 1− 2Gm
r
+
Gq2
r2
− Gβ
2q6
108r10
+O(r−13). (43)
which approaches Minkowski’s spacetime at r → ∞. At r → 0 we use the
Taylor series of the r2ρM at r → 0
r2
1
β
arctan
(
βq2
2r4
)
=
pir2
2β
− 2r
6
q2β2
+O(r14). (44)
Then one obtains the asymptotic of the mass function at r → 0
M(r) =
pir3
6β
− 2r
7
7q2β2
+O(r15), (45)
and the metric function
f(r) = 1− piGr
2
3β
+
4Gr6
7q2β2
+O(r14). (46)
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It follows from Eq. (46) that we have a regular black hole with the de Sitter
core and cosmological constant Λ = piG/β [19], [29]. From Eqs. (3) and (31)
we find the Ricci scalar
R = κ2
[
4
β
arctan
(
βq2
2r4
)
− 8q
2r4
4r8 + β2q4
]
. (47)
and its asymptotic at r →∞
R = κ2
(
β2q6
3r12
− β
4q10
10r20
+O(r−28)
)
. (48)
From Eq. (47) one obtains the regular asymptotic of the Ricci curvature at
r → 0
R = κ2
(
2pi
β
− 4r
4
β2q2
+
32r12
3β4q6
+O(r20)
)
. (49)
Thus, there is no singularaty of Ricci’s scalar at r →∞ and r → 0. We can
not put β = 0 in Eq. (49) because in Maxwell’ electrodynamics the trace of
electromagnetic fields is zero and the Ricci scalar, according to Eq. (31), is
zero.
For the case E = 0, B 6= 0 we have
ρ′M (r) =
βBB′
1 + (βB2/2)2
,
and B′(r) = −2q/r3 < 0. Thus, ρ′M(r) < 0 and ρ⊥+ ρM = −rρ′M/2 > 0, and
as a result, WEC is satisfied.
6 Sound speed and causality
The speed of the sound has to be less than the light speed and that gives the
restriction cs ≤ 1 [15]. A classical stability requires: the square sound speed
should be positive, c2s > 0. The square sound speed is defined as
c2s =
dp
dρ
=
dp/dF
dρ/dF . (50)
Let us consider two cases.
1). The black hole is electrically charged, E 6= 0, B = 0.
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In this case we obtain from Eqs. (6) and (13) the square sound speed,
c2s =
1 + 5(β2E4/4)
3(1− 3β2E4/4) . (51)
It follows from Eq. (51) that a classical stability, c2s > 0, leads to E <
Emax = (4/3)
1/4/
√
β, that is satisfied. The requirement that there are not
superluminal fluctuations, c2s ≤ 1, gives the restriction
E ≤ Ec ≡
√
2
71/4
√
β
≃ 0.869√
β
. (52)
It should be mentioned that Ec < Emax ≃ 1.075/
√
β, i.e. the electric field
should be less than the maximum of the electric field. So, a bound (52)
guarantees that the sound speed is less than the speed of light. We note that
the analysis of causality in subsection 3.1, based on the approach of the work
[27], did not give the restriction on the electric field.
2). The black hole is magnetically charged, E = 0, B 6= 0.
From Eqs. (7), (50) and (13) we find the square sound speed
c2s =
1− 7(β2B4/4)
3(1 + β2B4/4)
. (53)
Then from Eq. (53) we make a conclusion that a classical stability, c2s > 0,
occurs at B <
√
2/(
√
7β). This gives the bound on the distance from the
center of the black hole
r >
(√
7βq2
2
)1/4
≃ 1.07√qβ1/4. (54)
It follows from Eq. (53) that the requirement c2s ≤ 1 (there are not superlu-
minal fluctuations) does not give any restrictions on the magnetic field.
7 Conclusion
It was shown that in our arctan-model of NLED the WEC and SEC are
satisfied. Therefore, the arctan-electrodynamics can be considered as a vi-
able NLED model. We have obtained the exact dependance of the electric
field of charged objects on the distance and the corrections to Coulomb’s
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law. The electric-magnetic duality between P and F frames is broken in
our model. As a result, it is impossible to obtain the magnetic solution
in the model with the Lagrangian density H by the substitutions F → P,
L → H, F01 → P23, F23 → P01 from the electric solution in the theory with
the Lagrangian density L. NLED coupled to gravitational field was ana-
lyzed and we calculated the asymptotic of the Ricci scalar at r → ∞. We
have demonstrated that there is no singularity of the Ricci scalar because
the minimal length rmin = (4/3)
3/8β1/4
√
Q exists and the maximum of the
electric field is Emax = [4/(3β
2)]1/4. We calculated the mass of the black
hole for electrically and magnetically charged black holes. The asymptotic
of the metric function and corrections to the Reissner-Nordstro¨m solution
at r → ∞ were found. We have investigated magnetically charged black
hole and have obtained the magnetic mass of the black hole and the metric
function at r → ∞ and r → 0. We have shown that at r → 0 there is a
de Sitter core corresponding to the cosmological constant Λ = piG/β. It was
demonstrated that the black hole is regular and there is not singularity of
the Ricci curvature at r → ∞ and r → 0 for magnetically charged black
hole. We found restrictions on the electric and magnetic fields that follow
from the requirement of the absence of superluminal sound propagation and
the requirement of a classical stability. Thus, there are not superluminal
fluctuations if E < Ec ≡
√
2/(71/4
√
β) but classical stability takes place for
any value of the electric field E < Emax. For magnetically charged black
hole a classical stability occurs at B <
√
2/(71/4
√
β) that corresponds to
r > (
√
7βq2/2)1/4 and there are not superluminal fluctuations at any value
of the magnetic field.
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